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Abstract 

We derive exact Ward Identities in the Two-Coupled-Chains Model in the presence of a momen- 
tum cutoff, with an extra correction term generated by the breaking of local symmetries. Such 
term is non vanishing in 1-loop order in the infinite bandwidth limit and this indicates the presence 
of a quantum anomaly. 
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I. INTRODUCTION 



The two-coupled chains model (TCCM) is a quasi-one- dimensional system of interacting 
fermions located along two Tomonaga-Luttinger chains coupled by a interchain hopping 
(usually denoted by t±). In the last two decades the TCCM has also been investigated as a 

aototype model to test the possibility of having a higher dimensional Luttinger liquid state 
-31. Moreover there were important predictions indicating that the TCCM might also 
n n 

manifest quantum confinement regime |^-[6[ at strong coupling. This quantum transition 
occurs when the electronic motion becomes strictly one dimensional and, as a result of 
the interaction, the renormalized interchain hopping becomes nullified. Since the strong 
coupling regime is very difficult to deal with even in such a simplified system, this problem 
remains open to this date, even if several perturbative and non-perturbative methods have 
been used to treat the TCCM Q-Q- 

A very powerful method in the analysis of low dimensional fermionic systems is bosoniza- 
tion, used by Mattis and Lieb [12I in their exact solution of the Tomonaga-Luttinger chain, 
a model obtained from a system of non relativistic fermions linearizing the energy rela- 
tions in the vicinity of the Fermi points (see Tomonaga The presence of the Dirac 
sea generates anomalous density commutators of the associated Kac-Moody algebra in the 
Tomonaga-Luttinger model which are at the core of the bosonization method. Indeed, it 
was well known, as was pointed out earlier by Jordan {l4| and Schwinger |l5i], that when 
the number of degrees of freedom in the ground state of a physical system becomes infinite, 
anomalous non-zero commutators of currents or density operators are naturally produced 
by such a state. 

However, the solvability of the Tomonaga-Luttinger chain is due to certain special features 
of the system which allow us to reduce it into harmonic oscillator modes. This feature is 
absent in more realistic models, like the TCCM model, at least for general interactions. One 
way to proceed is to combine approximate bosonization schemes with the Renormalization 
Group method (see jisl). Another possible promising approach is based on the combination 
of Renormalization Group methods with the Ward Identities (WI), which must however 
be derived with care. Indeed even in the single chain problem the presence of anomalous 
commutators reflect themselves in the presence of quantum anomalies in the WI; the (formal) 
WI derived neglecting the ultraviolet (UV) cutoffs which are necessary to regularize the 
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theory are not correct and extra terms must be added to it. This was pointed out by 
Johnson [l^] and Georgi and Rawls [18] (in order to verify the Adler resuh in d=H-l 



19|), by deriving the correct WI for the massless Thirring model making use of the exact 



solution. The presence of anomalies in the WI on the other hand can be easily overlooked in a 
formal diagrammatic approach, as in the Dzyaloshinkii and Larkin solution of the Tomonaga- 
Luttinger model 20| (see also [TJ); an anomaly is present in the infinite bandwidth limit and 
the non- regularized WI is no longer valid in that case. 

The derivation of the WI for the TCCM is more tricky, as in such a case there is no 
exact solution from which the WI can be derived, and the presence of anomalies can be 
easily overlooked. In this paper we derive, in section II, the (non-regularized) WI associated 
with the existing chiral symmetry of the TCCM proceeding formally from the functional 
integrals with no UV cutoff; in section III we show that such an identity is violated, by an 
explicit one-loop perturbative calculation. We then consider in section IV the theory with 
an ultraviolet momentum cutoff and we derive, following 21|, the WI with an extra term 
generated by the presence of the cutoff which actually breaks the local invariance of the 
model. This extra term in the WI is written as a functional integral and in Section V we 
show that its lowest order contribution in the WI is non vanishing even when the UV cutoff 
is taken to infinity; this signals the presence of an anomaly in the TCMM in this limit. 



Benfatto and Mastropietro o 
versality class in 21| (see also 



Dtained for systems in the Tomonaga-Luttinger model uni- 



221], [23|) a full non-perturbative control of this extra term 
in the WI in the limit of a removed UV cutoff, using the methods of Constructive Quan- 
tum Field Theory; it turns out that such a correction is proportional, in the limit of a 
removed cutoff, to the vertex function and, in the case of the Tomonaga-Luttinger model, 
it reproduces the same WI given by the anomalous commutators. 

In the case of the TCCM only if the backscattering and the umklapp interactions are 
neglected the model becomes solvable and the WI correction term reduces to the Tomonaga- 
Luttinger model result; with general interactions there is no reason for this to happen. 
While the non-perturbative limit of the correcting term in the Tomonaga-Lutinger model is 
probably technically quite hard to implement, we believe that this correction term, which 
is found here for the first time, plays an important role in the physical properties of the 
TCCM. 
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II. THE TWO-COUPLED-CHAINS MODEL 



The TCCM describes two spinless Tomonaga-Luttinger chains coupled together by in- 
terchain hopping. After diagonahzation the spinless electrons are distributed among the 
bonding (b) and anti-bonding (a) bands with a Fermi surface (FS) consisting of four points, 
as displayed in our Figure 1. The corresponding bare free action Sf for single particles 
located in the vicinities of those Fermi points of the TCCM is, in this way, given by 

Sf = T. f + »^Fd.) + Ym^), (1) 

j = a,b 
a = ± X 

where x = the flavor index j refers to the bonding and antibonding bands and the 

index a denotes the right (+) and left (-) sides of the FS. Here Vp is the Fermi velocity, kp 
is the Fermi wave vector and 7-' = Vpk^p is a characteristic energy for j-th^'fiavor" , used to 
clarify Figure 1. Following common practice among workers in the field [^] we next define 




FIG. 1: Fermi surface representation of TCCM, formed by the location of four bare momenta ±kp 
(antibonding band) and ±kp (boundig band). 



the corresponding bare interacting action Sm by 

S^nt = Y.j {^?0V'+i(x)^+ijx')Vi.(x')^^(x)+5^ 



g,s^^i (x) {^W-^ (x') (x) + 



+ ^;^+i(x)V^+lJx')V'LJx')^^(x) + f?„V'+i(x)^+ijx')r.(x')CW 



(2) 



with qq = gQ{x—x') being the intraband forward short range interaction, and gi,s = ghs{x—x') 
(backscattering) , gf = gf{x—x') (forward) and g^ = gu{x—x') (umklapp) the three interband 
short range interactions. See Figure 2, for illustration. Notice that although g^ (gbs) doesn't 
preserve flavor globally (locally), Smt is fully symmetric under chiral (+,— ) transformation. 
If gu and gts are vanishing the model becomes solvable and equivalent to a Tomonaga- 



Luttinger model, while in the presence of non vanishing Qu and Qbs an exact solution is 
unknown. 




FIG. 2: Diagrammatic representation for the TCCM interactions for right- and left-electrons, 
respectively, with j / /. Full and dashed lines represent -|- and — electrons, respectively, in the 
vicinities of kp and —kp respectively. 



Using the total bare action S — Sf + Sint, we define next the functional generators Z and 
W by 

Z[^: e, J] = e'^K'^^"^] = j exp [i{Sf + + ^ • ^ + ^+ • e+ + • V'+V')], (3) 

where, for simplicity, we use the notation ^ ■ ip = ^ J iai^)'^ai^)- 

Let us next apply the local phase transformation to the fermionic fields: 



Under these U{1) transformations, the action S becomes 



and the source terms transform as 



(4) 
(5) 



(6) 



(7) 



(8) 



Since these phase transformations leave Z invariant, we immediately arrive at the Wis 



E 



3,0^ 



SJi(x) 



Z = 0, 



(9) 
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or, equivalently 

E 



w ^0. 



(10) 



Alternatively we can rewrite the Wis in terms of r[{ip~^), (■0), J], the generator of the 
one-particle irreducible functions. Defining 



with 



8W 



5W 



we find 



Consequently, if we differenciate this last equation with respect to 

5^ 



(11) 



(12) 



r. (13) 



5(V^J(xO)5(V'+J(x"))' 
we obtain, after setting the fields equal to zero, 

i (5t + av^pd^c' 



(14) 



3,a 



= (5(x-x')- 



^(^J(x'))5(^+J(x"))54(x) 
5(x-x")- 



'<5(^^(x))<5(^+5(x")) '5(V^J(x'))5(^i(x))' 
which, in momenta space, reduces to the more conventional form 

E ('^o - avU) r^f ''^(P + q,p) = + q) - Tf\vl 



(15) 



(16) 



with p = {po,p) and r^*^^^(p) = (G^(p)) ^ being the inverse of the {k,/3)-th single particle 
propagator. Writing 



r?f''^(p + q,p)=5|^f + A?:l(p + q,p), 
this can be expressed in a more convenient form: 

Y,{qo - a4g)Aj;i(p + q, p) = Sj(p) - Ej(p + q), 

where S^(p) is the self-energy associated with the (A;,^)-th particle. 
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(17) 



(18) 



III. PERTURBATIVE TEST OF THE WARD IDENTITY 



The above derivation of the WI is purely formal; the functional integrals have just a 
formal meaning so that the results of their manipulations may not be true. This is precisely 
what happens here since, as we can see from perturbation theory, this WI is no longer valid. 
In zero-th order the previously derived WI is trivially satisfyed. Choosing, for convenience, 
k = b and /? = +, we have simply in the zero-th order: 

rf\p + ci)-rf\p)^qo-vU (19) 

and 

rif„(p + q,q)=5+,a56j, (20) 

in agreement with equation (16). In 1-loop order there are just two tadpole contribuctions 
to the self-energy, as indicated in Figure (3). 

i > \ i 



m m 



FIG. 3: One-loop self-energy diagrams for a bonding electron in the k^p branch. The couplings are 
qq and gf, respectively. 

It is straightforward to calculate these two diagrams and we immediatly find 

S^p)-S^(p + q) = 0. (21) 

There are two vertex function in 1-loop order associated with those self-energy diagrams: 
A^^_ and A^°_. They are displayed in Figure (4). 
Calculating their contributions we find 

Ai^(p + q,p) = ^k|G'^_(q), (22) 

Ai?-(p + q,p) = ^k|G«(q), (23) 
with G^_{G°_) being the noninteracting Green's function for the bonding (anti-bonding) 
spinless "— " electrons. As a result it follows from that 

(go + vU)^'i- + (go + v%q)h'f,_ = M(^o(g) + gM)\ (24) 



FIG. 4: The two vertices corresponding to the self-energies diagrams of FIG. 3. 

in clear disagreement with our WI, for g 7^ 0. If we take the ultraviolet limit A — )■ 00 
this WI violation reflects the chiral symmetry breaking produced by the Dirac seas for the 
bonding and anti-bonding bands. However if A is finite our derivation of the WI should also 
be modified to take the presence of such a cuttoff explicitly into account. We will do that 
next. 



IV. WARD IDENTITY IN THE PRESENCE OF THE CUTOFF 

The WI in the presence of a finite cutoff for the Luttinger liquid was obtained by Benfatto 
and Mastropietro 2]| and here we adopt their derivation for our purposes, considering 
imaginary times for convenience. Let us therefore define the functional generator W in the 
presence of the cutoff A as 

exp(-I^) = J V[ij+i{j]exp {Sa + ^^ -^p + i/j^ ■C + J ■ ^^^) • (25) 

The cutoff A manifests itself in the regulators C"(x, A)'s which now appears in our defi- 
nition of the non-interacting action S'j : 

^/ = E/ i^^imCi{k,A)-\tko - av'^k + ini^iik)), (26) 

where C^{p; A) can either be a step function or any other smoother function we wish. This 
non-interacting action is now consistent with the definition of a non-interacting single particle 
propagator G'^(p) 

G'M- "^'^^ 



—ipo + cxvpip — akp) 
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If we now follow the derivation of the WI as before and work in energy-momentum space 
we find 

/ V[^+,i;]J2\(ic[o-avU) j ^+i(k + q)V'^(k)+ j ^+^Jk + q)V^^- j V^+i(k + q)e(k) 
"'■J' Ik k k 

+ y" ^+i(k + q)(Q(k, q))-V^(k) I exp ^(5 + e+ • + ^ • e + J • = 0, (27) 
where J = (27r)~^ J (i/co / and 

k 

(C^(k,q))-^ = [(C^(A; + g,A))-^-l] [i{k, + q,) - av^p{k + q)] - 

- [{Ci{k, A))-^ - 1] [tko - av'pk] . (28) 

That is, the presence of the cutoff produces a new A-dependent term in the WI. For 
convenience we introduce a new source term to our functional generator Wa, namely 

E / Xi{q)i^^i{^ + ^){Ci{k,q))-'i^i{k). (29) 

q,k 

In this way, our generalized cutoff dependent WI becomes 

5Wa 



E (igo-a^^F?) 



Defining the IPI functional generator F as before we can, equivalently, rewrite this WI as 

^F 



SJi{q) 



If we functionally differentiate this last result with respect 

5^ 



we obtain 



(32) 



E (iqo - a'vU) ri'S^'^^ (k + q, k) = r^') (k + q) - Ff ) (k) + ^ ^^a' (k, q) , (33) 

a' ,j' cx' J' 

where 

^i'i' q) ^ (34) 

"''^'^ 5(^^(k))5(^+^jk + q))<5xi'.(q)' 

These A's are precisely the new terms produced by the finite cutoff A. 
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V. WARD IDENTITY RESTAURATION IN THE PRESENCE OF A CUTOFF 



In the previous section we derived the exact WI for the theory with a cutoff; the functional 
integrals are well defined and the throughout resulting WI differs with respect to its non- 
regularized counterpart by a correcting term. Of course, now the WI should be true order 
by order in perturbation theory. Indeed let us calculate this cutoff contribution in one-loop 
order. Since at this order we have that 




FIG. 5: A-¥'_ in one-loop order. 



(35) 

ik'o + v^pk'] 1 G^l {k')G^l (k' + q) 

(36) 



it follows immediately that 

J [(Ci'(k' + q))-i [iik'o + qo) + vUk' + q)] - (Ci'(fe))-^ 



k' 



Y: j [G^{k!) - G^k! + q) 
k' 



0. 



As a result, we obtain the trivial identity 



j'=b,a j'=b,a 



(37) 



and, as expected, the WI is fully restored for a finite cutoff. In the limit A — )■ oo, A^-^L 
is given by (22), (23) times an extra i. Note that the lowest order contribution to A:^ is 
non vanishing even in the limit A — > oo. A genuine anomaly is present in this case since 
the regularized WI differs from its non- regularized counterpart. Note also that, even if the 
lowest order contribution of depends only on qq and Qf, the higher order terms depend 
on the other couphngs as well. 
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VI. CONCLUSION 



In the absence of backscattering and umklapp interactions the TCCM can be solved 
exactly by bosonization methods but such interactions cannot be mapped into a quadratic 
bosonic expression; therefore no solution exists in the general case. In order to derive the 
WI, we perform first a phase transformation in the functional integrals with no cutoff to 
derive identities connecting the vertex function with the self energy. The non-regularized 
formal WI's obtained in this way, even if widely accepted, are however not always true, as an 
explicit one-loop calculation demonstrates. Indeed, without regularizations the functional 
integrals are ill-defined and one should not take for granted the WI which result from their 
manipulation. On the other hand, if a momentum cutoff is imposed from the start the 
functional integrals are well defined and an exact WI is derived, with a new extra term 
with respect to the non-regularized result. This extra term can be written as a functional 
integral and a perturbative computation shows that its first order contribution is already 
non vanishing, signaling the presence of the anomaly in the infinite bandwidth limit. 

Note that the correction term A-^ differs from result obtained for the Tomonaga- 
Luttinger model, since it depends on all the interactions appearing in the TCCM. Only 
if Qh and Qu are nullified one can apply the non perturbative analysis of 21 1 which gives A^ 
proportional to the vertex function, in the limit of a removed cutoff, in agreement with the 
result obtained from the anomalous commutators. In the general case, however, there is no 
reason to expect that the WI for the TCCM has the same form as in the Tomonaga-Luttinger 
model. While the non-perturbative limit of the correcting term in the Tomonaga-Luttinger 
model is probably technically quite hard to analyze, we believe that this correcting term, 
plays an important role in the physical properties of the TCCM as well. 
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